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1.  Introduction 

The  increased  reliability  requirements  have  caused  fault-tolerant  and  degradable 
systems  to  become  more  important.  A  separate  performance  or  reliability  analysis  of 
such  sytems  is  inadequate.  It  is  of  much  interest  to  introduce  measures  that  reflect 
both  performance  and  reliability  of  the  system.  Several  authors  have  proposed  such 
measures  and  studied  their  analysis  in  specific  cases  [1-7,10-15].  Different  models 
were  often  developed  to  study  different  performance  and/or  reliability  measures.  This 
paper  is  an  attempt  to  unify  different  performance  and  reliability  models  into  a  single 
model  that  is  useful  for  assessing  the  behaviour  of  degradable  computer  systems. 

Such  performance  and  reliability  measures  can  be  either  system-  oriented  or  job- 
oriented.  A  system-oriented  reliability  measure  is  the  distribution  of  the  time  to 
failure  [15],  while  a  job-oriented  reliability  measure  is  the  probability  that  the  job  com¬ 
pletes  before  system  failure  [7,16].  System  or  job  oriented  performance  measures 
such  as  throughput  or  response  time  are  evaluated  assuming  no  failures  [15].  A 
system-oriented  combined  (performance  and  reliability)  measure  is  the  accumulated 
reward  (or  performance  measure)  up  to  time  t  [4,10]  or  up  to  system  failure  [2,15,16]. 
A  combined  job-oriented  measure  is  the  distribution  of  the  job  completion  time  in  the 
presence  of  failure/repair  preemptions  [3,5,8,12].  The  analysis  of  this  measure  and  its 
relation  to  the  accumulated  reward  [8]  is  a  major  concern  of  this  paper. 

In  the  model  we  develop,  a  computer  system  is  described  by  a  stochastic  process 
that  represents  the  structural  state  of  the  system  which  changes  due  to  different 
events.  Associated  with  each  structure-  state  is  a  reward  rate  (e.g.,  computation  capa¬ 
city,  throughput  or  response  time).  It  is  particularly  useful  for  our  unifying  analysis  to 
consider  the  execution  of  a  particular  job  on  the  system  described  above,  where  the 
reward  rate  represents  the  service  rate  (e.g..  the  number  of  instructions  executed  per 
unit  time).  It  is  obvious  that  the  completion  time  of  the  job  is  affected  by  the  preemp¬ 
tions  and  the  possible  variations  in  the  service  rate  due  to  changes  in  the  structure- 
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state  of  the  system  (e.g.,  system  degradation,  failure  or  repair).  We  will  show  that, 
when  the  job  service  is  resumed  after  preemptions,  the  completion  time  of  a  given  job 
and  the  accumulated  service  (reward)  until  a  given  time  are  dual  measures  so  that  the 
distribution  of  one  of  them  allows  us  to  compute  the  distribution  of  the  other.  Further¬ 
more  we  show  how  to  derive  different  common  performance  and  reliability  measures 
from  our  model. 

It  is  important  to  distinguish  the  type  of  a  structure-state  according  to  the 
service-preemption  interaction  associated  with  a  transition  to  that  structure-state.  We 
will  consider  the  following  types  of  structure-states: 

a)  preemptive-resume  (prs ):  upon  preemption,  the  job's  service  is  resumed  at  a 
(possibly)  different  service  rate. 

b)  preemptive-repeat  (prt ):  upon  preemption,  the  job's  service  is  restarted  at  (pos¬ 
sibly)  a  different  service  rate.  This  can  be  further  classified  into  the  following  two 
types 

i)  preemptive-repeat-identical  (pri):  the  same  (identical)  job  is  restarted. 

ii)  preemptive-repeat-different  (prd):  a  different  independent  job  with  the  same  dis¬ 
tribution  of  service-requirement  is  restarted. 

In  [8]  we  considered  the  pure  cases  where  all  the  structure-states  in  a  given  model  are 
assumed  to  be  of  the  same  type  (i.e.,  prs,  pri,  or  prd).  In  that  paper  the  analysis  was 
based  on  conditional  transform  techniques.  In  the  present  paper,  we  allow  a  mixture  of 
two  different  types  of  structure-states  in  the  model  (Le.,  prs  with  pri,  prs  with  prd  and 
pri  with  prd).  In  the  mixed  cases  the  analysis  is  based  on  exact  aggregation  and  condi¬ 
tional  transform  techniques. 

In  section  2,  we  introduce  the  mathematical  model,  basic  assumptions,  some 
definitions  and  notations.  In  section  3  we  review  the  main  results  of  the  pure  cases 
considered  in  [8].  Section  4  contains  some  preliminaries  and  introduces  the  main  idea 
of  the  solution  technique  in  the  mixed  cases.  In  sections  5,  6  and  7  we  consider  the 


analysis  of  the  mixed  cases;  namely,  prs  with  pri,  prs  with  prd  and  pri  with  prd, 
respectively.  The  techniques  developed  here  are  demonstrated  by  means  of  a  simple 
and  illustrative  example  •  the  switching  server.  We  conclude  our  paper  in  section  B. 


2.  The  Basic  Model 

Consider  a  particular  job  to  be  run  on  a  particular  computer  system.  The  work 
requirement  of  a  job  is  a  random  variable  B,  and  is  measured  in  work  units  (e.g.,  the 
number  of  instructions  to  be  executed).  It  has  the  cumulative  distribution  function 
G(x)  =  P(B  <  x )  and  LST  (Laplace  Stieltjes  Transform)  G~(s)  =  E(e~*B).  It  is  assumed 
that  G(0+)  =  0.  Now  consider  the  execution  of  such  a  job  on  a  computer  system.  The 
system  changes  its  mode  of  operation  in  response  to  different  sources  of  interruptions 
(e.g.,  failure/repair  of  a  part  or  the  whole  system,  increase/decrease  of  the  degree  of 
multiprogramming,  system  calls  and  I/O  interruptions,  etc.).  The  change  of  the  mode 
of  operation  is  reflected  in  the  rate  at  which  that  particular  job  is  serviced.  The  ser¬ 
vice  rate  is  measured  in  number  of  work  units  (e.g.,  instructions)  per  unit  time  (we  also 
refer  to  it  as  the  work  rate  or  reward  rate). 

Hie  process  that  describes  the  mode  changes  in  the  system’s  operation  in  time  is 
called  the  structure-state  process.  It  is  a  stochastic  process  \Z{t),t  &  Oj,  where  Z{t ) 
is  the  state  of  the  system  (i.e.,  the  mode  of  operation)  at  time  t.  This  stochastic  pro¬ 
cess  is  assumed  to  have  piecewise  constant  paths  and  finite  number  of  jumps  in  finite 
intervals  of  time.  At  any  time,  the  system  can  be  in  one  of  the  n  +  1  states  numbered 
0,1.2,...,n.  In  state  i  the  system  serves  the  job  at  a  rate  r(iO,  lsisn.  The  state  0 
is  an  absorbing  "failure"  state,  i.e.,  once  the  system  enters  state  0  it  stays  there  and 
offers  no  more  service.  There  may  be  other  absorbing  "non-failure"  states  among  the 
states  1,2,. ...n.,  with  service  rates  greater  than  zero,  so  that  if  the  system  enters  such  a 


state  the  job  will  eventually  complete. 
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It  is  reasonable  to  assume  that  the  structure-state  process  is  independent  of  the  work 
requirement  of  the  job.  A  state  i,  1  ^  i  s  n ,  is  of  the  type  prs  or  pri  or  prd  (as  defined 
in  section  1). 

Now  let  us  introduce  a  cumulative  quantity  that  is  very  useful  in  our  unifying 
analysis. 

The  cumulative  measure,  W(t):  defined  to  be  the  total  reward  gained  since  the  last 
transition  to  a  pit  state,  until  (global)  time  t.  W  is  the  cumulative  measure  until 
system’s  failure.  We  note  that  W(t )  has  the  following  properties: 


i)  W(0)=0 

ii)  Z(t)  =  i  =>  dty(t)/dt  =rt 

iii)  If  the  structure-state  process  makes  a  transition  at  time  t  and  Z(t  +)-i  then 
W(t  +)=0  if  i  is  aprf  state  and  W(t  +)=V(t  — )  if  i  is  a  prs  state. 

Typical  sample  paths  of  the  structure-state  process  and  the  cumulative  measure  W(t) 
are  shown  in  figure  1,  for  the  following  case:  The  set  of  states  is  j0,l,2,3j;  state  1  is  prs 
with  r!=l,  state  2  and  3  are  prt  with  rz=2  and  ra=0,  state  0  is  an  absorbing  failure 


state. 


The  following  job-oriented  performance  measures  relate  to  the  cumulative  meas¬ 


ure  W(f). 


The  jab  completion  time,  T(z):  defined  to  be  the  time  needed  to  complete  a  job  that 
requires  x  units  of  work.  T  denotes  the  completion  time  of  a  job  that  requires  a  ran¬ 
dom  amount  of  work,  B  (note  that  if  there  are  any  prd  structure-states,  the  job  that 
completes  at  time  T  need  not  have  the  same  initial  work  requirement). 

Since  W{t)  represents  the  useful  work  done  on  the  job  upto  time  f ,  and  since  W(t ) 
has  piecewise  continuous  paths  with  only  downward  jumps,  it  follows  that 

f(x)  =  minjf  *0:  W(t)=x j 
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T  -  minjt  0;  W(t)=B)  . 

The  probability  of  omission  failure,  7](x):  defined  to  be  the  probability  that  the  system 
fails  before  the  completion  of  a  job  that  requires  x  units  of  work.  Thus 

f)(x)  =  P(W(t)  <  x,  for  all  fa:  0) 

*  P(T(x)  =  »)  . 

7)  is  the  probability  that  the  system  fails  before  the  completion  of  a  job  with  random 
work  requirement.  Hence 

V  =  P(W(t)<B.  for  all  t  ^  0) 

=  P(f  =  «). 

Hie  related  notion  of  the  dynamic  failure  probability  in  real-time  systems  with  a 
hard  deadline,  d  [7],  is  given  by  rj  =  P(T  >  d).  Since  our  techniques  allow  us  to  com¬ 
pute  the  distribution  function  of  T.  the  dynamic  failure  probability  for  a  given  deadline 
is  readily  obtained.  Obviously,  for  systems  with  no  absorbing  failure  states  (repairable 
system)  and  with  no  hard  deadlines,  tj  =  0. 

The  cumulative  measure  JK(f)  can  be  further  specialized  to  the  following  two 
cumulative  quantities  that  yield  different  performance  measures. 

i)  The  preemptive-resume  cumulative  measure,  Y(t):  Let  all  structure-states  be  of  the 
prs  type.  Then  Y(t)  is  the  total  reward  gained  in  all  structure-states  until  time  t 
[4, 10, 14].  Y  is  the  prs  cumulative  measure  until  system’s  failure  [2, 13. 15, 16]. 

The  following  system-oriented  measures  can  be  derived  as  special  cases  of  the  prs 
cumulative  measure  Y(t ). 

The  system  reliability,  R(t):  Let  X  be  the  time  until  system’s  failure,  i.e.,  the  time 
until  the  structure-state  process  enters  the  absorbing  failure  state  0.  The  reliability 
R(t)  of  the  system  is  defined  to  be  the  probability  P(X  >  t ). 


Clearly,  if  we  set  all  rt  =  l,  1  iiin,  then 

/?(*)  =  P(X>t) 

=  LimP(Y(j)  >  t)  . 

It  should  be  noted  that  the  analysis  of  the  related  measure  of  saftey  [9]  is  the 
same  as  that  of  the  system  reliability,  provided  that  all  unsafe  system  states  are 
grouped  into  an  absorbing  failure  state. 

The  total  ''-up"  or  "down"  time  untii  time  t.  U{t)  or  D{t):  The  system  is  said  to  be  "up” 
if  it  is  in  a  state  i  with  r^X),  else  it  is  said  to  be  "down".  U(t )  (or  D(t))  is  defined  to  be 
the  total  time  the  system  spends  in  "up"  (or  "down")  states  until  time  min  where 

X  is  the  system’s  life  time.  Clearly  if  we  set  all  rt>0  to  1,  then 

P(U(t)*x)  =  P(Y(t)*x) 
and,  since 

U(t)  +  D(t)  x  min  [t,X] 
it  follows  that 

P{D(t )  «;  x)  =  P(Y(t)  2:  min  |f  ,X\  -  x)  . 

ii)  The  preemptive-repeat  cumulative  measure,  C(t):  Let  all  structure-states  be  of  the 
prt  type.  Then  C(t)  is  the  reward  gained  since  the  last  transition  of  the  structure- 
state  process,  until  (global)  time  t.  C  is  the  prt  cumulative  measure  until  system's 
failure. 

The  following  system-oriented  measure  can  be  related  to  theprf  cumulative  meas¬ 
ure  C{t). 

The  instantaneous  system  availability  at  time  t,  A(t):  defined  to  be  the  probability 
that  the  system  is  in  an  "up”  state  at  time  t,  i.e.,  in  a  state  with  ^>0.  The  steady-state 
availability,  A,  is  the  limit  of  ,4(f)  as  t -*<*>■,  it  is  greater  than  zero  only  if  there  is  no 
absorbing  failure  state.  Clearly 


A(t)  =  P(C(t)  >  0) 
and 

A  =  LirnP(C(t)  >  0) . 

From  the  foregoing  discussion  it  is  clear  that  the  cumulative  measures  introduced 
are  of  central  importance.  The  following  theorem  presents  a  useful  dual  relationship 
between  the  cumulative  measure  and  the  completion  time  of  a  given  job. 

Theorem  2. 1.  The  probability  distribution  function  of  the  cumulative  measure, 
sup  { W(u);  0  s  u  s  t  J,  is  related  to  the  probability  distribution  function  of  T(x),  as  fol¬ 
lows 

P(sup  0SiiS/}<sr)  =  1-  P(T(x )s  t) 

and 

P(sup  {  RK(rt):  all  u  i  0|  <  i)  =  1  -  P(T(x)  <  »)  . 

Proof:  It  is  clear  that 

{  sup\W(u):  OsuslJ  <i  j  T(x)  >  t  j 

and 

J  sup  \  W(u):  all  u  &  0}  <  z  j  «=>  J  T(x)  =  «  J  . 

Hence, 

P(sup  0  i  u  s  1 J  <  x)  =  P(T(x)  >  t) 

and 

P(sup  j  W(u):  aU.  u  ±  0}  <  i)  =  P{T(x)  =  »)  .  $  E  D. 

Corollary  2.1.  When  all  structure-states  are  prs,  the  probability  distribution  function 
of  the  prs  cumulative  measure,  y(f ),  is  related  to  the  probability  distribution  function 
of  T(x),  as  follows 

P(Y(t)  <  x)  =  1  -P(T(x)at) 


and 
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P(Y  <  x)  -  1  —  P(T(x)  <-)  . 

Proof:  Follows  directly  from  theorem  2.1,  since  when  all  structure-states  are  prs,  it 
holds  that 


F(f  )  =  sup  {fP(ii):  0  S  u  £  t  j  .  Q.E.D. 


& 
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As  a  result  of  the  above  corollary,  knowing  the  distribution  of  T(x)  allows  us  to 
determine  the  distribution  of  y(f)  which  can  be  further  specialized  to  determine 
different  performance  measures  as  discussed  above. 

The  following  sections  are  devoted  to  the  analysis  of  the  random  variable 
T  *  min  \t  ^0:  W(t )  =  B\.  In  the  remainder  of  this  section  we  introduce  some  nota¬ 
tions  and  relations  that  will  be  used  later. 

Define  the  distribution  functions 

Fi(t,x)  =  P(T(x)  n  t\Z(0)=i),  liO, 

F{t.x)  -  P{T{x)  £  t),  x  Sr  0, 

Fi(t)=P(T*t\Z(0)=i),  lsisn, 

F(t)  =  P{T  ss  f ) 

and  the  LST  (Laplace  Stieltjes  Transforms) 


F{"(sjc)  -  £’(e-*7’(*)|  Z(0)=i),  x  0,  1  sisn, 

From  the  independence  of  \Z{t  ),t  >  0}  and  B  it  follows  that 

(2.1) 

r(s,x)  =  £(e-*W)  =  £f~(s,x)  P(Z(0)=i),  x  :>  0. 

4=1 

(2.2) 

FC(s)  =  E(e~*r\Z(Q)=i)  =  f  FC(s^r)  dG(x),  1  sisn, 

0 

(2.3) 

F~(s)  =  E(e-T)  =  £  FC(s)  P(Z(0)=i)  . 

(2-4) 

4=1 


The  omission  failure  probability  r)  follows  from 


r\* 


>7 

c 


(2.5) 


77  =  P{T  =  <*»)  =  1  —  LimF~(s )  . 

•  -•0 

It  is  clear  that  the  transforms  Fi~(s,2)  and  FC(s)  are  the  key  quantities  that  need 
to  be  determined  in  the  analysis  of  T.  To  proceed  with  the  analysis  we  make  the 
assumption  that  the  structure-state  process  \Z(t),t  &  Oj  is  a  time  homogeneous  con¬ 
tinuous  time  Markov  chain  (CTMC).  Let  g^,  is  i  n,  be  infinitesimal  transition  rate 
from  state  i  to  state  j  and  gto  be  the  absorbing  failure  rate  from  state  i.  Let  Q  =  [gy], 
1  <.  i,j  £  n,  be  the  n  by  n  generator  matrix  where 

g*  =  2  g a  -  -g« 

/=<? 

Note  that  row  sums  of  Q  are  ^0. 

Let  H  be  the  holding  (sojourn)  time  in  the  initial  state.  Then 
H  =  min  \t  ^  0:  Z(t)  *  z{ 0)j  . 

From  the  properties  of  the  CTMC,  we  have 

P(N  s  x,  Z(H+)-j  |Z(0)=i)  =  ^-(l-e_,<*),  i*j  .  (2.6) 

g» 

In  the  next  section  we  review  the  pure  cases  where  all  states  are  of  the  same  type. 


3.  The  Pure  Cases:  Review 

The  cases  where  all  structure-states  of  the  process  are  of  the  same  type  (i.e.,  prs , 
pri  or  prd)  have  been  analysed  in  detail  in  a  recent  paper  [8].  In  this  section,  we 
review  the  basic  results.  For  detailed  proofs  the  reader  is  refered  to  [8]. 

3.1  The  Preemptive-resume  Case 

In  this  case  we  assume  that  the  states  1,2 . n  are  all  preemptive-resume.  Define 

the  double  transform  F~\s,u)  as  follows: 


V  /  vvv  •V«V» 


•  *  *.  O  \  %  % 


C  J*7 


Fi~Xs,u)  =  y* e-*“  /V(s,ar)  dz,  lsisn. 
0 


The  main  result  is  given  in  the  following  theorem. 


Theorem  3. 1.  The  double  tansforms  FC\s,u).  1  si^n,  satisfy  the  following  equations 


F‘"<s-U)  =  1,  7^r^.u).  1  -  «  -  » 

in 


Equations  (3.1)  can  be  solved  to  obtain  F{"\s,n),  1  siin,  which  are  rational 


functions  in  the  Laplace  transform  variable  u.  Therefore  the  conditional  LSTs 


FC(s,x),  1  siin,  can  be  obtained  using  partial  fraction  and  standard  inversion  tech¬ 
niques.  F~(s)  follows  from  equation  (2.4)  and  hence  the  omission  failure  probability 
from  equation  (2.5). 


The  following  corollary  is  used  to  determine  the  LST  of  the  prs  cumulative  meas¬ 
ure  (or  reward)  for  a  given  initial  state. 


Corollary  3.1.  For  a  given  t  i  0,  let  Y(t)  be  the  prs  cumulative  measure  upto  time  t . 


£<e-«W|Z(0)=i)  =  V‘  t1-"fn,’U) 


where  Z*-1  represents  the  Laplace  inverse  with  respect  to  s,  to  yield  a  function  of  t . 


In  order  to  demonstrate  the  derivation  of  performance  measures  from  the  above 


theorem,  let  us  consider  the  case  where  r<  =  1,  lsisn.  The  system  of  equations 
(3.1)  reduces  to 


F'Xs'u)  =  r4^'r(5,u)’  1  s 4 s "■  0.3) 

in 

Let  Ri(x)  be  the  system  reliability  given  that  the  initial  structure-state  is  i,  and  denote 


by  Ri*(u)  its  Laplace  transform.  In  this  special  case,  it  is  clear  that  (l -R^x))  is  identi¬ 
cal  to  77t(z),  the  omission  failure  probability,  given  that  the  initial  structure-state  is  i. 
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Therefore 

AOO  =  1  -■*(*)  =  P(T(x)  <  ~\Z(0)  =  t) 

=  /T(0.x).  lsisn. 

It  follows  that 

Ri(u)  =  ^“‘(O.u),  lsisn. 

Therefore  Ri(u),  lsisn,  are  obtained  by  solving  the  following  system  of  equations 

qi+u  /r,  g4+u 
>**» 

Similar  results  can  be  derived  for  the  time  to  absorption  in  Markov  chains  [15]. 

Now  let  us  determine  the  distribution  of  the  completion  time  of  a  job  that  requires 
x  units  of  work.  From  equations  (3.3)  we  remark  that 

FfXs.u )  =  FC\0.s  +-u),  1  <  i  sS  n 

It  follows  that 

FC(s.x)  =  e—  AT't/TKO.tt)] 

=  e~“  Fi(x),  1  as  i  ^  n 

and  finally 

lx,  probability  Ri{x) 

T(,x)\z{y-i  -  probability  (l-7?j(x))  . 

If  g<o  =  0.  1 «  i  ^  n,  (i.e.,  there  is  no  absorbing  failure),  then  T{x)  =  x,  which  is 
clearly  justified. 

3.2  The  Preemptwe-repeat-identicat  Case 

In  this  case  we  assume  that  the  states  1,2 . n  are  all  preemptive-repeat-identical. 

The  main  result  is  given  in  the  following  theorem. 

Theorem  3.2.  The  conditional  LSTs  FC{s,x),  lsisn,  satisfy  the  following  equations 
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<7  0*7 


•r.  •' 

>.v 


& 


I 

fev 


V. 


k 

kv 

I 

■/  * 

S.s 

V 

«.  *, 

Mi 


u-: 


r- ■ 


K<:- 

.v'.v 

.V-.' 

V 

.*v\ 

s$ 


/T(^)  =  lsi  sn.  (34) 

J* 

Equations  (3.4)  can  be  solved  to  obtain  /V'(s.z),  IStin.  F~(s)  and  the  omission 
failure  probability  are  obtained  from  equations  (2.4)  and  (2.5),  respectively. 


3.3  The  Preemptive-repeat-different  Case 

In  this  case  the  states  1,2 . n  are  assumed  to  be  preemptive-repeat-different. 

The  main  result  is  given  in  the  following  theorem 

Theorem.  3.3.  The  LSTs  Ff(s),  1  iifin,  satisfy  the  following  equations 

FC(s)  =  Crds+q^/Ti)  +  J  fs^)[l-g-((s  +qi)/ri)]Fj~(s),  l&ian. 

Where  G~((s  +qi )/r%)  0  as  r,  -*  0  (since  G(0+)  =  0).  F~(s)  and  the  omission  failure 

probability  are  obtained  from  equations  (2.4)  and  (2.5),  respectively.  Note  that  for  a 
deterministic  work  requirement,  say  z,  equations  (3.5)  reduce  to  equations  (3.4). 

In  [8]  the  use  of  the  above  theorems  is  illustrated  by  means  of  examples. 


4.  The  Mixed  Cases:  Preliminaries 

In  these  cases  we  allow  two  different  types  of  states  in  the  same  model.  Let  S  and 

5  be  a  partition  of  jl,2,...,nj  (i.e.,  Sfl^O  and  S  \J  5  =  {1,2 . nj).  All  the  states  in 

the  subset  S  are  of  a  certain  type  and  all  the  states  in  the  subset  F  are  of  a  different 
type.  In  the  following  sections,  we  consider  all  possible  mixtures  with  two  types  of 
states  (i.e.  prs  with  pri,  prs  with  prd  and  pri  with  prd).  In  this  section,  we  introduce 
some  basic  definitions  and  notations  that  are  useful  and  common  to  the  analysis  in  the 
subsequent  sections.  The  basic  idea  of  the  solution  technique  in  the  mixed  cases  is 
described  below. 


It; 


Let  the  structure-state  process  be  initially  in  the  set  5.  in  which  the  job  starts 
being  serviced.  The  job  may  be  completed  before  a  transition  out  of  the  set  S,  other¬ 
wise  the  job  service  continues  in  the  other  set,  S.  Now,  the  job  may  be  completed 
before  a  transition  out  of  the  set  S,  otherwise  the  job  service  continues  in  the  other 
set,  5.  We  keep  observing  the  time  to  transitions  between  the  sets  S  and  5  until  job 
completion  (i.e.,  the  service  accumulated  since  the  last  transition  to  a  prt  state  is 
equal  to  the  job  service  requirement.  Note  that  the  service  requirement  of  the  job  may 
be  changed,  if  prd  states  are  present).  Thus  we,  effectively,  aggregate  the  times  spent 
in  each  of  the  sets,  S  and  5,  until  job  completion. 

We  note  that  the  structure-state  process  may  jump  into  an  absorbing  state  before 
the  job  completion.  In  such  a  case  the  job  will  eventually  complete  if  the  work  (or 
reward)  rate  is  greater  than  zero,  otherwise  the  absorbing  state  is  a  failure  state  and 
the  job  will  never  complete. 

In  the  following  sections  we  show  how  these  observations  can  be  elegantly 
translated  into  equations  leading  to  useful  theorems  for  the  computation  of  important 
quantities. 

Let  the  structure-state  process  be  initially  in  the  set  S.  We  introduce  some  useful 
random  variables.  Let 

U  =  mln\t  feO:  Z(f)eS}  .  (4.1) 

U  represents  the  total  time  spent  in  the  set  5  by  the  structure-state  process  until  it 
hits  the  set  S.  Now  consider  a  job  with  work  requirement  equal  to  z.  This  job  starts 
being  processed  at  time  f  =  0  in  the  set  5.  Let  T{z)  be  its  completion  time;  it  is  given 
by 

T(z)  =  min  \t  *  0:  W(t)=z\  .  (4.2) 

The  following  two  quantities  are  important  to  our  analysis. 


r(x) 


and 


if  T(x)  s;  U 
if  T(x)  >  U 


U  .  if  T(x)  > 

<*> ,  if  T(x)  ^  U  . 


(43) 


(4.4) 


7”(x)  represents  the  time  needed  to  accomplish  z  units  of  work  (Le.,  to  complete  the 
job)  before  leaving  the  subset  3.  If  the  structure-state  process  hits  the  subset  S 
before  completing  z  units  of  work  then  T'{x)  -  *>. 

T"(x)  represents  the  time  spent  by  the  structure-state  process  in  the  subset  5  until  it 
hits  the  subset  5  and  before  completing  z  units  of  work  (i.e.,  before  completing  the 
job).  If  z  units  of  work  are  completed  before  leaving  the  subset  5  then  7"'(x)  =  ». 

Note  that  both  T'(x)  and  7”'(x)  are  defective  random  variables. 


The  following  different  transforms  are  associated  with  the  above  random  variables. 
For  k  e3,  define  the  double  transform 

HtXs.w)  =  /  Mt(s.x)  dx  (4.5) 

0 

where 

«k(s,x)  =  £-(e-r<*)|z(o)  =  *)  (4.6) 


and  the  unconditional  LST 


M?(s)  =  f  M?(s,x)dG(x)  (4.7) 

0 

where  G(x)  is  the  probability  distribution  function  of  the  work  requirement  of  a  job. 

For  k€:S  and  j€S,  define  the  double  transform 

m 

HkjXs.w)  =  f  e““*  Mtj(s,x)  dx  (4.8) 

0 

where 


Jf«( ».*)  =  E(e-r-i*)-  Z{U)  =;|Z(0)  =  Jb) 


(4.9) 


and  the  unconditional  LST 


Ji£(s)  =  f  M£(s,x)  dG(x)  .  (4.10) 

0 

The  quantities  defined  above  will  be  used  in  the  analysis  of  subsequent  sections. 


5.  The  Mixed  Preemptive-resume  with  Preemptive-repeat-identical  Citse 

In  this  case  we  assume  that  all  states  in  a  subset,  say  S,  are  of  the  prs  type,  and 
that  all  states  in  the  complementary  subset  S  are  of  the  pri  type.  Let  k  be  the  ini¬ 
tial  state.  The  following  proposition  gives  a  method  of  computing  Mk*(s, w)  as  defined 
by  equation  (4.5). 


Proposition  5.1.  The  double  transforms  Mk\s,w),  k 6S,  satisfy  the  following  equations 
r*  .  V’  9 ki 


Uk  ~  (s+qk+rkw)  +i6£*.(s+g*+r*tu)  Mi  ( S,W keS 


Proof:  Conditioning  on  the  sojourn  time  in  the  initial  state,  H,  we  get 


(5.1) 


E(e-*rM\H=h.Z(0)=k) 


Unconditioning  on  H,  yields 


*  m,Tk  .  if  h  i  x/rk 

e~*  E  ~-Mi~(s’X-rkh) ,  if  h<x/rk 

<65-1*1  9* 


«* 

Mk(s,x)  =  f  E(e~*TW 
0 

_  e  -(•♦«*)»/»•* 
Multiplying  both  sides  by  e 


\H=h,Z{0)-k)  qk  e~*kh  dh 

*/rk 

+  E  9 «  /  e'  ,+,*Vl  MC(s,x-rkh)  dh 
<€5-|*j  o 

and  integrating  we  get  equation  (5.1).  Q.E.D. 


The  double  transforms  Mk\s,w),  for  keS,  can  be  obtained  by  solving  equations 
(5.1).  These  are  rational  functions  in  the  Laplace  transform  variable,  w,  and  therefore 
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can  be  inverted  to  obtain  the  conditional  LSTs  Mk(s,x),  k  eS. 

For  k  eS  and  y&5,  the  following  proposition  gives  a  method  of  computing 
as  defined  by  equation  (4.8). 


Proposition  5.2.  The  double  transforms  iifiXs.w),  k eS,  j eS.  satisfy  the  following 
equations: 


HZ'(s.w)  = — - — - r-+  £  t —■■■?** - r-MZ\s,  w),  keZ>.jeS. 

v  w(s+qk+rkw)  ie£Jti(s+7*+r*™)  v  J 


9fci 


*€^-|fcl 


(5.2) 


Proof:  Conditioning  on  the  sojourn  time  in  the  initial  state,  H.  we  get 


E(e Z(U)=j\H=h,Z(0)=k)  = 


H$(s,x~rkh)  , 


if  h.  <  x/rk  and  Z(h)  =  jfeS 
if  h.  <  x/rfc  and  Z(h)  =  ieS-Jfc  j 


=  +  £  “e-*  Mij(s,x-rkh),  h  <x/rk 

7*  teS-ft)  ?* 


Unconditioning  on  the  holding  time,  //.  we  get 

*/r4  »/rfc 

=  Ikj  f  e"(*+,fc)K  d/i  +  £  7*  /  e"{,+,‘)A  MJ(s,z-rkh)  dh 

0  <eJ-|*|  0 

Multiplying  both  sides  by  e  and  integrating  yields  equation  (5.2).  Q.E.D. 


The  double  transforms  Mkj*(s,w),  k&S,  j €5.  are  obtained  by  solving  equations 
(5.2).  These  transforms  are  rational  functions  in  the  Laplace  transform  variable,  w, 
and  therefore  the  corresponding  conditional  LSTs  Mkj(s,x),  k^S,  jeS,  can  be  deter¬ 
mined. 

The  next  two  theorems  show  how  the  conditional  LSTs  Mk(s,z)  and  Mkj{s,x),  fce5, 
jeS,  are  used  to  compute  the  conditional  LSTs  Fi{s,x),  l<isn,  as  defined  by  equa¬ 
tion  (2.1).  First,  we  define  the  following  quantities: 


A*(*.*)  = 


Jrt-£  j  e^'***'*'  JiZ(s*-h)  dh.  ifrt>0 

*e5  o 


ft* 


1_*?5  <*+*) 


if Ti  =  0.  <€5. 


M*-z)  = 


JWJL-Ci— ?*  /  «'(**,<>fc/ri  M$(s,z-h)  dh.  if  r4  >  0 
(*+?*)  *c5  *0 

if  i\  =  0. 


[?tf  +  E  9tt  A*£(s.x)]/(s+gi), 

*65 


and 


*(s.*)  = 


L  +  V  g*  /  B-<**«t)A/r*  JUt(s.z-h)  dh.  if  r4  >  0 

**5  o 


u£-  (*+**)  "*’(S,X)' 


if  r4  =  0,  ieS. 


Thaorvm  5. 1.  The  conditional  LSTs  /^“(s  ,x),  ieS,  satisfy  the  following  equations 

hi(s,z)  FC(s.z)  =  g4(s.x)  +  V  Ky(s,z)  Ffis.z),  ieS. 

i*S-  hi 

Proof:  Conditioning  on  H.  the  sojourn  time  in  the  initial  state,  we  get 

"/r‘,  if/i>x/r4 


E(e~*W\H=h.Z{0)=i)  * 


f  65^1*1  ?i 


+  £  ^-Af*~(s .z^Tih) 

*65 


+  e_-*2  S  —  A<y (s .x  —Txh )  F~(s ,x ) ,  if  /i  <  x / r4 
/65*65  ?< 


(5.3) 


(5.4) 

<.jeS 


(5.5) 


(5.6) 


Obviously,  if  h  x/rt,  the  job  completes  before  the  first  transition,  and  T(x)=x/r4.  If 
h  <  z/rit  the  job  is  preempted  before  it  completes.  There  are  three  possibilities  : 

i)  The  structure-state  process  makes  a  transition  to  another  state  j  eS . 


■  O  «w'  S  V 


Lfkl’Ll  I 


ii)  The  structure-state  process  makes  a  transition  to  a  state  k  eS,  and  the  job  com¬ 
pletes  before  a  transition  to  a  state  in  S. 

iii)  The  structure-state  process  makes  a  transition  to  a  state  k  65,  and  it  returns  to  a 
state  j  €S  before  the  job  is  completed. 

These  three  possibilities  are  represented  by  the  three  terms  on  the  right  handside  for 
the  case  when  h.  <  x/r^.  Unconditioning  and  rearranging  yields  equation  (5.8).  Q.E.D. 

Theorem.  5.2.  The  conditional  LSTs  Fi"(s,x),  i€S.  are  given  by  the  following  relations 

K(s*)  =  Mi~(s,x)  +  £  Mij(s,x)  F}~(s,x),  ieS.  (5.7) 

jes 

Proof:  Consider  a  job  with  work  requirement  equal  to  x.  It  starts  being  processed  at 


the  initial  state  ieS.  Its  completion  time  is  given  by 


T’OOIzfOlsieS  * 


T'(x) 

P(T(x)  35  U)  ' 


if  r(x)s:  U 


,P(T(x)>  U)'+  •  11  >  U 


where  U,  T(x),  T'(x)  and  T"(x )  are  random  variables  as  defined  in  equations  (4.1)- 
(4.4).  Z(U )  is  a  state  j&S  which  is  reached  at  time  U.  Since  the  random  variables 
7"‘(x)  and  T(x) \z{Q)*z{<j)  are  independent  we  can  write  the  following 

E(e  |  Z  (0)=i)  =  E(e~*rW\Z{0)=i) 

+  W)=i)  E(e~*T^\Z(0)=j) 

ies 

Using  the  definitions  in  equations  (4.6)  and  (4.9)  yields  equation  (5.7).  Q.E.D 

We  conclude  with  the  procedure  to  compute  the  LST  F~(s)  of  the  job  completion 
time  in  the  mixed  prs^pri  case  in  the  following  steps: 


Procedure  5.1. 


1.  Compute  Mk~\s,w),  fceS,  by  solving  equations  (5.1). 


(rBHaaf  ■”V<  jrjrj 


2.  Compute  M£(s,x),  k^S,  by  inverting  the  Laplace  transform  with  respect 

to  w  using  partial  fraction  expansion. 

3.  Compute  M^\s% w),  k  eS,  j  eS,  by  solving  equations  (5.2). 

4.  Compute  M£j(s  ,x),  keS,j^S  by  inverting  the  Laplace  transform  M£*(s,w)  with 
respect  to  w  using  partial  fraction  expansion. 

5.  Compute  Fi"(s,x),  ieS,  by  solving  equations  (5.6). 

6.  Compute  FT(s,x),  i€S,  by  using  equations  (5.7). 

7.  Compute  F~(s)  by  using  equation  (2.4). 

We  illustrate  the  procedure  by  applying  it  to  a  simple  case  of  interest. 


Example  5. 1.  The  switching  server 

Consider  a  system  that  operates  in  two  modes  with  different  work  rates,  say  rj  and 
r2.  for  modes  "1"  and  "2”,  respectively.  The  system  switches  between  the  two  modes 
according  to  a  Poisson  process  at  different  rates,  say  X  and  p  from  modes  "1"  and  "2", 
respectively.  A  total  system  failure  may  occur  from  any  mode  of  operation;  let  Xo  and 
|Iq  be  the  failure  rates  from  modes  ”1"  and  "2",  respectively.  The  CTMC  representing 
the  switching  server  is  shown  in  figure  2. 

The  holding  times  in  states  1  and  2  are  exponential  with  parameters  X'  =  X+Xo  and 
M’  =  M+A<o.  respectively.  This  system  will  be  used  as  an  example  throughout  the  paper 
to  illustrate  the  use  of  the  techniques  developed. 

Let  state  1  be  of  the  prs  type  and  state  2  be  of  the  pri  type.  We  follow  procedure 
5.1. 

Step  1.  Equation  (5. 1)  yields 


MT'(s,w) 


s+X’+r  ,ui 


Step  2.  Inverting  the  Laplace  transform  M“*(s,w)  with  respect  to  w  yields 
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Step  7.  From  equation  (2.4)  we  get 


e  i*i 


□ 


F~(s)  =  P(Z( 0)=1)  /  F7(s.x)  dG{x)  +  P(Z(0)=2)fFZ(s,x)  dG(x)  . 
0  0 


8.  The  Mixed  Preemptive-resume  with  Preemptive-repeat-different  Case 

In  this  case  we  assume  that  all  states  in  a  subset,  say  S,  are  of  the  prs  type  and 
that  all  states  in  the  complementary  subset  S  are  of  the  prd  type.  The  computation  of 
the  double  tansforms  M£\s ,w)  and  Mtj*{s,w),  k.  eS,  j  eS,  follow  from  equations  (5.1) 
and  (5.2)  of  propositions  (5.1)  and  (5.2),  respectively.  The  conditional  LSTs  Mt(s,x) 
and  Mtj(s,x)  are  obtained  by  using  partial  fraction  expansion  and  standard  inversion 
techniques. 

The  next  two  theorems  give  a  method  to  compute  the  LSTs  F{"(s),  1  sisn,  as 
defined  by  equation  (2.3).  using  the  conditional  LSTs  M^(s ,x)  and  M£(s,x),  keS,  jeS. 

First,  we  give  the  following  definitions: 

Ms)  =  f hi(s ,x)  dG{x),  ieS.  (6.1) 


htj(s)  =  f  hij(s,x)  dG(x),  i,j eS 
c 


9i(s)  =  / 9i(s,x)  dG(x ),  ieS  (6.3) 

0 

where  h^ (s,x),  hii(s,x)  and  9i(s,x)  are  as  given  in  equations  (5.3)-(5.5). 

Theorem  6. 1.  The  LSTs  Ff(s),  ieS,  satisfy  the  following  equations 

M»)  Ft~(s)  =  3i(s)  +  V  hij(s )  Fj-(s),  ieS.  (6.4) 

f  ftj  V  ' 

Proof:  Conditioning  on  H,  the  sojourn  time  in  the  initial  state,  and  on  the  initial  work 
requirement,  B,  we  get 


£ 


'1 1*1 


E(e-*TW\H=h.Z(0)=i)  = 


t/Tj 


if  h  &  x/rt 


•-*  £  fNr<<o 


+  8”*^  £  y^-Mtis.Z-Tih.) 
kfiS  1i 
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+  e-*^  £  2  Ff(s)  ,  ith<x/Ti  . 

jeSkeS  9* 

Unconditioning  on  H,  yields  * 

riFi~(s.z)=Tie-^«)*/r'+  £  q*  *f  e-{'+«»/r<  F~(s)  dh 

/e5-|t)  o 

+  £  g*  /  e'{,+,‘Vk/r<  *"(».*-*)  ** 

*6?  0 

+  £  £  g*  /  e-(*^)A/r‘  uki(s,x-h)  F~(s)  dh 

jes  keS  o 

Unconditioning  on  the  initial  work  requirement,  B,  and  rearranging,  yields  equation 
(6.4).  Q.E.D. 

Theorem  6.2.  The  LSTs  FC(s).  ieS,  are  given  by  the  following  equations 

FC(s )  =  M~(s )  +  £  M~(s )  Ff(s ),  i eS  (6.5) 

i*s 

where  MC(s)  and  M£(s),  ieS,  jeS,  are  given  by  equations  (4.7)  and  (4.10),  respec¬ 
tively. 

Proof:  Conditioning  on  the  initial  work  requirement,  B,  and  following  similar  arguments 
as  in  theorem  5.2,  we  have 

/’i~(srx)  =  MC(s,z)  +  £ Mi’J(s.x)  Fj~(s) 

J65 

Unconditioning  on  the  initial  work  requirement,  B,  yields  equation  (6.5).  Q.E.D. 


We  conclude  with  the  procedure  to  compute  the  LST  F~(s )  of  the  job  completion 
time  in  the  mixed  prs-prd  case  in  the  following  steps: 

Procedure  6. 1. 

1.  Compute  Mt\s ,tu),  k  eS,  by  solving  equations  (5.1). 

2.  Compute  M£{s  ,x),  k  eS.  by  inverting  the  Laplace  transform  Mk*(s,w)  with  respect 
to  w,  using  partial  fraction  expansion,  and  get  Af*~(s)  from  equation  (4.7). 

3.  Compute  Af*j*(s  ,w),  k  e5,  j  eS,  by  solving  equations  (5.2). 

4.  Compute  Afj^(s.x),  fceS,  jeS,  by  inverting  the  Laplace  transform  M^\s  ,w)  with 
respect  to  w,  using  partial  fraction  expansion,  and  get  Mtj(s)  from  equation 
(4.10). 

5.  Compute  F~(s ),  ie5,  by  solving  equations  (6.4). 

6.  Compute  F?(s),  ieS.  by  using  equations  (6.5). 

7.  Compute  F~(s)  by  using  equation  (2.4). 

We  illustrate  the  procedure  by  means  of  an  example. 

Example  6.1.  Consider  the  switching  server  of  example  5.1.  Let  state  1  be  of  the  prs 
type  and  state  2  be  of  the  prd  type.  We  follow  procedure  6. 1. 


Steps  1  &  2.  Equation  (5. 1)  yields 


Mi\s,  w) 
and  hence 


s+A'+r  xw 


Afr(S,*)Se-(,+*)*/r« 
Unconditioning,  we  get 
M\(s)  =  G'((s+\')/tx)  . 


Steps  3  &  4.  Equation  (5.2)  yields 


(s ,U))  = 


w  ( s+\'+rxw ) 


and  hence 


*«(*.*)  =  ^r(l-e-(,+x)*/r>) 


Unconditioning,  we  get 


*«(■>  =  -^[l-cras+xo/r,)] . 


Steps  5  &  6.  Substituting  from  equations  (5.3)-(5.5)  in  equations  (6.1)-(6.3).  we  get 


h2(s)  =  r2[ 


r((s+X’)(s  +p')-\p.)  +  X/i((s+/i,')rje~-(s+X')r2e2  ) 
r(s+X')(s  +/z')  : 


0200  =  -^-[(r-/ir,)e2~  +  /zr,er] 


where 

eT  =  G“((s+X')/ra). 
e2  =  CT((s+p')/rz) 

and 

r  =  r^s+zx’)  —  r2(s  +X‘) 
Equation  (6.4)  yields 

,  _  0zOO 
<s> = 


_ (s  +X')(s  +  /ur  te  r] _ 

r((s  +X’)(s  +zi')-X/i)  +  Xzx((s  +p’)r1e  f  -( s  +X')r2e2  ) 


From  equation  (6.5)  we  get 


Fr(s)  =  er  +  77v<1“er)^8’(s)  • 


Step  7.  From  equation  (2.4)  we  get 


r(s)  =  F(Z(0)=1)  F:(s)  +  F(Z(0)=2)  F; (s)  . 


u 


1 


m 


W. 


m 


Note  that  for  a  deterministic  work  requirement  ( B-x ),  Fi(s)  and  Fg(s)  in  the 
mixed prs -prd  case  are  identical  to  /’“(s.z)  and  Fg  (s,z)  in  the  mixed  prs-pri  case. 


7.  The  Mixed  Preemptixie-repeat-identical  with  Preemptwe-repeat-different  Case 

In  this  case  we  assume  that  all  states  in  a  subset,  say  S,  are  of  the  pri  type  and 
that  all  states  in  the  complementary  subset  S  are  of  the  prd  type.  The  following  pro¬ 
position  gives  a  method  of  computing  Mt(s,x),k  eS,  as  defined  by  equation  (4.6). 


Proposition  7.1.  The  conditional  LST s  Mg(s  ,x ),  k  eS,  satisfy  the  following  equations 


Proof:  Conditioning  on  H .  the  sojourn  time  in  the  initial  state,  we  have 


E(e~,rW\H=h.Z{0)=k)  = 

Unconditioning  on  H,  yields  equation  (6.1).  Q.E.D. 


l/Th 


s  ^-Mi(s,x), 
ieS- ffcj 


if  h.  z/r* 
if  /i  <  z/  r* 


The  next  proposition  gives  a  method  of  computing  M£(s,x),  keS,  jeS,  as  defined 
by  equation  (4.9). 

Proposition  7.2.  The  conditional  LST s  A/*j(s,z),  fees  and  j^S,  satisfy  the  following 
equations 

+  LL-  /,  .  '1 - L  E  gfciA/y(s,z),*65,  >€5.  (7.2) 


Proof  :  Conditioning  on  H,  the  sojourn  time  in  the  initial  state,  we  have 


E(e-’r‘l*);Z(u)  =j\ff=h,Z(0)=k) 

8-*t  if  h  <  x/rk  and  Z(h)=jeS 

~  e^A^s  jc),  ifh  <x/rk  and  Z (h)=i eS -\k \ 

=  ^L_e-^  +  2  *r-e~*My(s.x).  h<x/rk 

9*  <65-1*1 

Unconditioning  on  the  holding  time,  H,  yields  equation  (7.2).  Q.E.D. 

The  next  two  theorems  give  a  method  to  compute  the  1ST s  Ei~(s),  l^isn,  as 
defined  by  equation  (2.3),  using  the  conditional  LST s  Mk(s,x)  and  Mkj(s,x),  keS,  j eS, 
as  obtained  from  propositions  7.1  and  7.2.  First,  we  give  some  definitions 


Vs.*)  =  [1  -  L--  /  — . - L£  *<*««(*.*)].  ieS. 

Vs  +  9il  kBS 

f^j(s,x)  =  +  £  g*A/k~(s,x)].  i,j 65 


Ji(^)  =  e  (*>,<)l/r<  +  "v  -  . — 2  <JikMk(s,x),  ieS. 

ts+7<; 


The  corresponding  unconditional  quantities  are  given  by 


Vs)  =  f  K(s>x)  dG{x),  ieS, 

0 

m 

=  f  hij(s ,x)  dG(x),  i.jeS 


9i(s )  =  f  gi(s,x)  dG(x),  ieS. 
0 


Theorem  7.1.  The  ISTs  FT(s),  ieS,  satisfy  the  following  equations 

V«)  ^<(s)  =ff<(s)  +  £  ^(s)Vs),  ieS.  /79) 

Proof:  Conditioning  on  //,  the  sojourn  time  in  the  initial  state,  and  on  the  initial  work 


6l*j 


requirement,  B,  we  get 


E(e-*TM\H=h,Z(0)=i)  = 


E 

>65^111  9i 


\Ih>  X/Ti 


*15?* 


+  *■*  E  E  ^-A4~(s,z)  /y(s),  if  /i  <  x / rt 

>ej*65  9t 


Unconditioning  on  H.  yields 


*-<*.*, = s  »**.> 

\s+tli)  j€5-li 


Vs'r¥i>  >65 -HI 

r-v — L  £  ?*A/*“(s.x) 

(*+?»)  *“5 

^7—5 — *-£  E7#^(s.*)^T(s) 

VS+9J  >65*65 

Unconditioning  on  the  initial  work  requirement,  B,  and  rearranging  yields  equation 
(7.9).  Q.E.D. 


Theorem  7.2.  The  LSTs  FC(s).  i&S,  are  given  by  the  following  equations 

/T(s)  =  M~(s)  +  £  MQ  Fj~(s ),  ie5  (7  10) 

>65  v  7 

where  Afi~(s)  and  Afy(s)  are  obtained  from  equations  (7.1),  (7.2),  (4.7)  and  (4.10). 


Proof:  Conditioning  on  the  initial  work  requirement,  B,  and  following  similar  arguments 
as  in  theorem  5.2,  we  have 

FC(s ,x)  =  H\“(s , x )  +  £  Mj(s ,2 )  /}" (s ) 

>65 

Unconditioning  on  the  initial  work  requirement,  B,  yields  equation  (7. 10).  Q.E.D. 


1] 


We  conclude  with  the  procedure  to  compute  the  LST  F~{s )  of  the  job  completion 
time  in  the  mixed  pri-prd  case  in  the  following  steps: 

Procedure  7.1. 

1.  Compute  Slg(s,x),  k  eS,  by  solving  equations  (7. 1). 

2.  Compute  A/tj(s  ,x),  k  eS,  j  eS.  by  solving  equations  (7.2). 

3.  Compute  ET(S)>  i^S,  by  solving  equations  (7.9). 

4.  Compute  Fi"(s),  ieS,  from  equations  (7.10). 

5.  Compute  F~(s)  from  equation  (2.4). 

We  illustrate  the  use  of  the  above  technique  by  means  of  an  example. 

Example  7.1.  Once  again  we  consider  the  switching  server  of  example  5.1.  Let  state  1 
be  of  the  pri  type  and  state  2  be  of  the  prd  type.  We  follow  procedure  7.1. 

Step  1.  From  equation  (7.1)  we  have 

MT(s.x)  =  . 

Step  2.  From  equation  (7.2)  we  have 

Step  3.  From  steps  1  and  2  and  equations  (7.3)-(7.5)  we  have 
h2'(s,x)  -  [1  -  (l-e  (*^*/r2)  A/rz(s,*)] 

_  (s+A)(s+m’)  -\u(l-e~{,fV),/ri)(l-e'(^M’),/rt) 

(s+A’)(s+m') 


(s  +A')(s  +p') 


From  equations  (7.8)-(7.8)  it  follows  that 


.  _  (s+X')(s+m)  -V[l-er-C2  +«£] 

Ms) - - 


_  (s+V)(s+fi)« f  +  /i(s  r Ta ] 

- <S  ♦*•)<> +*•> - 


where 


«T  =  G~((s+\)/rt). 
eg  —  G”((s  +fi')/Tg) 


««  =  <r((s+X)/r,  +  (s+A4’)/r2)  . 

Equation  (7.9)  yields 
32<s) 

^<s>-v5T 

_  (s +X’)(s  +n') eg  +  fi(s  +X’)[e  ~  -e  5  ] 

(s  +X')(s  +/*')  —  X^t[l— e  J-— ej  +ef8] 

Step  4.  From  equation  (7.10)  we  get 

FT(s)  =  e,~  +  ^rtl-eT]  ^2  (*) 

_  (s+X’)(s+/. pef  +  X(s^')e^[l-e~]  +  X^ier-eie] 
(s  +X')(s  +p')  -  \p[  1-e  r  -e2  +e  ,~2  ] 

Sfej>  5.  From  equation  (2.4)  we  have 

r-(s)  =  P(Z(0)=1)  F:(s)  +  P(Z( 0)=2)  F2~(s) 


8.  Conclusions 


In  this  paper,  we  have  presented  a  unified  modeling  approach  to  the  combined 
evaluation  of  performance  and  reliability  of  fault-tolerant/multi-mode  systems. 


The  structure-state  process  of  the  system  is  modelled  as  a  CTMC,  in  which  transi¬ 
tions  occur  in  response  to  events  such  as  failure/repair  or  system  degradation.  A 
reward  rate  (or  performance  measure)  is  associated  with  each  structure-state.  We  have 
introduced  different  types  of  cumulative  measures,  and  related  them  to  different  per¬ 
formance  and/or  reliability  measures. 

Our  main  concern  was  the  analysis  of  the  job  completion  time.  We  extended  the 
results  in  [8]  to  allow  the  simultaneous  presence  of  two  different  types  of  service- 
preemption  interaction,  due  to  changes  in  the  structure-state  of  the  system.  We 
derived  the  distribution  of  the  job  completion  time.  Other  job-oriented  measures,  such 
as  the  omission/dynamic  failure  probability  are  readily  obtained  from  the  distribution 
of  the  completion  time. 

It  is  shown  that,  when  all  structure-states  are  of  the  preemptive-resume  type,  the 
cumulative  measure  up  to  a  given  time  is  dual  to  the  completion  time  of  a  given  job. 
This  is  a  useful  relationship,  since  it  enables  us  to  specialize  the  analysis  of  the  comple¬ 
tion  time  to  derive  different  system-oriented  measures  such  as  system 
reliability/saftey  and  up/down  time. 

It  remains  of  interest  to  extend  the  present  model  to  allow  a  semi-Markov 
structure-state  process,  and  the  simultaneous  pesence  of  more  types  of  service- 
preemption  interaction.  Needless  to  say,  the  evaluation  of  performance  and/or  reliabil¬ 
ity  in  existing  systems  could  benefit  from  the  results  presented  in  this  paper.  There¬ 
fore,  emphasis  should  be  given  to  practical  applications. 
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